Let Z=(pq) be the integer residue ring modulo pq with odd prime numbers p and q. This paper studies the distinctness problem of modulo 2 reductions of two primitive sequences over Z=(pq), which has been studied by H.J. Chen and W.F. Qi in 2009.
Introduction
For an integer N 2, let Z=(N ) = f0; 1; : : : ; N 1g be the integer residue ring modulo N , and for any integer a, let [a] mod N denote the minimal nonnegative residue of a modulo N .
Moreover, for an integer sequence a = (a(t)) t 0 , denote [a] mod N = ([a(t)] mod N ) t 0 .
If a sequence a = (a(t)) t 0 over Z=(N ) satis…es a(i + n) = (c n 1 a(i + n 1) + + c 1 a(i + 1) + c 0 a(i)) mod N; i 0
with constant coe¢ cients c 0 ; c 1 ; : : : ; c n 1 2 Z=(N ), then a is called a linear recurring sequence of order n generated by f (x) over Z=(N ) (or a is a sequence of order n over Z=(N ) in short), where f (x) = x n + c n 1 x n 1 + : : : + c 0 . The set of sequences generated by f (x)
over Z=(N ) is denoted by G (f (x) ; N ).
Let p be a prime number and e a positive integer. Every element u 2 Z=(p e ) has a unique p-adic expansion as u = u 0 + u 1 p + : : : + u e 1 p e 1 , where u i 2 f0; 1; ; p 1g
and can be naturally seen as an element in Z=(p). Similarly, a sequence a over Z=(p e ) has a unique p-adic expansion as a = a 0 + a 1 p + : : : + a e 1 p e 1 , where a i is a sequence over f0; 1; ; p 1g and can be naturally seen as a sequence over Z=(p). a i is called the ithlevel sequence of a for 0 i e 1 and a e 1 is also called the highest level sequence of a.
A monic polynomial f (x) over Z=(p e ) is called a primitive polynomial if the period of f (x) over Z=(p e ), denoted by per(f (x); p e ), is equal to p e 1 (p
is the minimal positive integer P such that x P 1 is divisible by f (x) in Z=(p e ) [x] . A sequence a = (a(t)) t 0 over Z=(p e ) is called a primitive sequence (or maximal length sequence) if a is generated by a primitive polynomial over Z=(p e ) and a 0 6 = 0, where a 0 is the 0th-level sequence of a and 0 = (0; 0; : : :) is a constant sequence. The period of a primitive sequence a over Z=(p e ) is equal to p e 1 (p n 1), i.e., per (a; p e ) = p e 1 (p n 1), see [1] .
Let a = a 0 +a 1 p+: : :+a e 1 p e 1 be a primitive sequence over Z=(p e ) and '(x 0 ; : : : ; x e 1 )
be an e-variable function over Z=(p). Then '(a 0 ; : : : ; a e 1 ) is a sequence over Z=(p) and is called a compressing sequence derived from a. Many cryptographical properties of such compressing sequences have been studied during the last 20 years [2] - [15] , especially the distinctness of the compressing sequences [2] , [3] , [6] , [8] - [11] and [14] , that is, a = b if and only if '(a 0 ; : : : ; a e 1 ) = '(b 0 ; : : : ; b e 1 ), where a and b are two primitive sequences generated by the same primitive polynomial over Z=(p e ). Obviously, for a given primitive polynomial f (x) over Z=(p e ), if the compressing sequences of all primitive sequences generated by f (x)
are pairwise distinct, then there is a one-to-one correspondence between compressing sequences and primitive sequences, which implies that every compressing sequence preserves all the information of its original primitive sequences. Thus such compressing sequences are thought to be a good type of nonlinear sequences available for the design of stream cipher.
Recently, modular reduction, another compressing method of primitive sequences over
, is proposed and has attracted much attention. For example, the well known lsequences, i.e., maximal length FCSR sequences, introduced by A. Klapper and M. Goresky in [17] , are in fact modulo 2 reductions of primitive sequences of order 1 over Z=(p e ). In [16] , the distinctness of modular reductions of primitive sequences over Z=(p e ) has been completely solved. It was shown that if a and b are two primitive sequences generated by a primitive polynomial of degree n 1 over Z=(p e ), then a = b if and only if [a] mod M =
[b] mod M , where M is a positive integer and has a prime factor other than p. It can be seen that the operation of mod M destroys the inherent structure of sequences over Z=(p e ), and in particular for M = 2, the compression ratio is very large and easy to implement.
Furthermore, in [18] , the authors generalized the modular reductions of primitive sequences over Z=(p e ) to primitive sequences over every integer residue ring Z=(N ), where N is an integer greater than 1. Before introduce their result, we …rst give the de…nitions of a primitive polynomial and a primitive sequence over Z=(N ).
De…nition 1 Let N be an integer greater than 1 and N = p is a primitive sequence of order n over Z=(p e i i ) for every 1 i k.
With the above de…nition, it is easy to see that both the period of a primitive polynomial f (x) of degree n over Z=(N ) and the period of a primitive sequence of order n over Z=(N ) are equal to lcm p For convenience, the set of primitive sequences generated by a primitive polynomial f (x)
If N has at least two di¤erent prime factors, there indeed exist many primitive sequences of order 1 over Z=(N ) such that their modular reductions are the same [18] . It is still open, however, whether the modular reductions of primitive sequences of order n 2 over Z=(N ) are distinct. In [18] , the authors proved the following result for n 2.
Theorem 2 ([18]
) Let p and q be two odd prime numbers with p < q and f (x) be a primitive polynomial of degree n 2 over Z=(pq). If the following two conditions are satis…ed:
(1) there exist a positive integer S and a primitive element in Z=(pq) such that
In this paper, we also study the distinctness of primitive sequences over Z=(pq) modulo 2, and with our new result, the set of primitive sequences that can be proved to be distinct modulo 2 is greatly enlarged. First we estimate the element distribution of primitive sequences over Z=(pq). Experiments show that for most of the cases, our estimation implies that every element in Z=(pq) occurs in a given primitive sequence of order n > 2 over Z=(pq). Based on the result of element estimation, we obtain a new su¢ cient condition on the distinctness of primitive sequences over Z=(pq) modulo 2 as follows.
Theorem 3 Let p and q be two odd prime numbers with p < q and f (x) be a primitive polynomial of degree n 2 over Z=(pq). Set T = lcm (p n 1; q n 1) and
where v 2 (u) is the greatest nonnegative integer m such that 2 m divides u. If the following two conditions are satis…ed:
(1) there exist a positive integer S and an even number C in Z=(pq) such that
The proportion of (n; p; q) satisfying the conditions of Theorem 3 is tested for di¤erent ranges of n, p and q, and results show that such proportion is very high. For example, the proportion is at least 93:756% for 2 n 31 and 3 p < q < 1000, whereas the corresponding proportion of Theorem 2 is only 48:765% [18] . Moreover, the existence of S and C described in condition (1) of Theorem 3 is discussed. A su¢ cient condition is given in Corollary 17 for the existence of such S and C. Experiments show that for the same ranges of n, p and q, the proportion of (n; p; q) satisfying the conditions of Corollary 17
is also higher than that of Theorem 1 in [18] , though the conditions of Corollary 17 are stronger than those of Theorem 3.
The rest of this paper is organized as follows. In Section 2 the element distribution of primitive sequences over Z=(pq) is estimated. Section 3 gives the proof of Theorem 3 and discusses the number of primitive sequences satisfying the su¢ cient conditions given by Theorem 3.
2 Element distribution of primitive sequences over
Z=(pq)
In the following of the paper, suppose that p and q are two …xed odd prime numbers with
Let a be a periodic sequence over Z=(pq) with T = per (a; pq). For any …xed integer s 2 Z=(pq), if there exists an integer 0 t T 1 such that a (t) = s, then we say that the element s occurs in a. Let N a T ; s denote the frequency of element s occurring in a complete period of the sequence a, that is,
If a is a primitive sequence generated by a primitive polynomial of degree n = 1 over Z=(pq), then it is easy to see that not all elements in Z=(pq) occur in a. However, as n increases, it seems that every element in Z=(pq) occurs in a. In this section, we present a su¢ cient condition for this element distribution property.
Let e m ( ) be the canonical additive character over Z=(m) given by e m (a) = e 2 ia=m , where a 2 Z=(m). Then it is easy to see that the following lemma holds.
Lemma 4
Let m be an integer greater than 1. Then for any integer c, For any positive integer n, denote (Z=(pq)) n = f(a 1 ; a 2 ; : : : ; a n ) j a i 2 Z=(pq); 1 i ng: 
Proof.
. Suppose there exist two integers m and k, 0 m <
Note that and so (3) implies that
Let d = (d (t)) t 0 be a primitive sequence generated by f (x) over Z=(pq) and
) be the t-th state of the sequence d for an integer t 0.
It follows from (1) that
where d is the transpose of d. Then by (4) we have
Lemma 6 Let a be a primitive sequence generated by a primitive polynomial of degree n 2 over Z=(pq) with period T = lcm (p
Note that
and so we obtain
Hence, (6) and (7) yield
where A is an n n matrix over Z=(pq) of the form described in (2).
Recursively, we have
Therefore, it follows that
where the equality (9) holds since for 0 s; t T 1, (a (s) ; a (s + n 1)) = (a (t) ; a (t + n 1)) if and only if s = t.
Let d = (1; 0; ; 0) 2 (Z=(pq)) n and = fd A t j 0 t T 1g. By Lemma 5, we have j j = T . Thus, (5), (8) and (10) yield
and so we get
Lemma 7 Let a be a primitive sequence generated by a primitive polynomial of degree n 2 over Z=(pq) with period T = lcm (p n 1; q n 1). For any …xed elements s p 2 Z=(p) and s q 2 Z=(q), we have
and
Proof. Let b = [a] mod p . Since b is a primitive sequence generated by f (x) over Z=(p), it follows that
Hence, (11) immediately follows from the theory of m-sequence over …nite …elds. Similarly, we can get (12) .
Let a and T be described as in Lemma 7. For any …xed element s 2 Z=(pq), set
Then by Lemma 7, we can deduce that
; if s p = 0 and s q = 0;
; if s p = 0 and s q 2 Z=(q) ;
; if s p 2 Z=(p) and s q 2 Z=(q) . (15) From (13) and (14) we can get
The last inequality (16) 
Proportion of (n; p; q) satisfying the inequality (17) of Theorem 8 is tested under di¤er-ent ranges of n, p and q, and the results are listed in Table 1 , where prime (k) is the k-th prime number. For example, the proportion is 96:461% for 2 n 31 and 3 p < q prime (200) = 1223. It can be seen from Table 1 that the proportion is very close to 100%
if n > 2. Table 1 Proportion of (n;p;q) satisfying the inequality (17) of Theorem 8 3 p < q prime (k) n k = 200 k = 500 k = 1000 k = 3000 k = 5000 k = 10000 Remark 9 Not all elements in Z=(pq) occur in a primitive sequence of order n = 2 over Z=(pq). is a primitive sequence generated by f (x) over Z=(pq). It can be seen that the element 3 and the element 12 do not occur in the sequence a.
Corollary 10 Let a and T be given as in Theorem 8. For n > 2, every element in Z=(pq)
Note that q n 5 3 = 125, and so it follows from (18) that
On the other hand, it is clear that
Since q 
Then (18), (19) and (20) yield
and so the corollary follows from Theorem 8.
For two given odd prime numbers p and q with p < q, since 3 Distinctness of primitive sequences over Z=(pq) modulo 2
In this section, we …rst give the complete proof of Theorem 3 presented in Section 1 and then discuss the proportion of primitive sequences covered by Theorem 3.
The proof of Theorem 3
Throughout this subsection, let p and q be two odd prime numbers with p < q and f (x) be a primitive polynomial of degree n 2 over Z=(pq). Note that C is an even number, and so this implies that Since m 2 and m 3 are two m-sequences over the …nite …eld Z=(q), it can be seen that there exists an integer t 0 such that m 2 (t) = 0 and m 3 (t) = 1. Hence (23) yields
Note that q m 1 (t) q (p 1) < pq and q m 1 (t) + p q (p 1) + p < pq, and so (24) implies that a (t) = q m 1 (t) and b (t) = q m 1 (t) + p. If is even, then choose an integer t 0 such that m 1 (t) = 0 and m 2 (t) = 1, and so (23) immediately yields a (t) = p and b (t) = p < pq.
This shows that [a (t)]

If is odd, then let us denote = q . Since
Choose an integer t 0 such that m 1 (t) = 0 and m 2 (t) = . Then (23) yields
It follows that
The above discussions imply that m 2 = m 3 , and so 
(1) for any sequence z 2 G 0 (f (x); pq), every element in Z=(pq) occurs in z; and 
where
Suppose m 1 6 = m 2 . We will show Since m 1 and m 2 are two m-sequences over the …nite …eld Z=(p), there exists an integer t 0 such that m 1 (t) = 0 and m 2 (t) = 1. Let q = k p + r with 0 < r p 1.
, then we get
Note that f (x) (mod p) is a primitive polynomial over Z=(p) with per (f (x) ; p) = p 1 mod (f (x); p) to m 1 , m 2 and using m 1 (t) = 0, m 2 (t) = 1, we obtain
Applying x T 2 1 mod (f (x); q) to m 3 leads to
Thus (25), (27) and (28) yield
Since q k m 3 (t) q 1, it follows that
and so
Hence we have
Similarly, we can get
, then note that j q p k 1, and so by condition (2) we get
Since f (x) (mod q) is a primitive polynomial of degree n over Z=(q), there exists a primitive element in Z=(q) such that
Denote S = lcm p n 1;
. Then we get 
. In the following we will deduce a contradiction by showing that T E.
First, we claim that
Otherwise, there exist two integer k 1 and
where S (k 2 k 1 ) < T , a contradiction to the assumption that f (x) is a primitive polynomial over Z=(pq).
, then it follows from (32) and (33) that
Note that hk m 3 (t) mod q is an integer, and so we can get
Hence we deduce If is even, then choose an integer t 0 such that m 1 (t) = 0 and m 3 (t) = 1, and so a (t) = q and b (t) = p < pq.
This shows that [a (t)] mod 2 = 1
If is odd, then let us denote = p . Since
Choose an integer t 0 such that m 1 (t) = and m 3 (t) = 0, then we have
The above discussions imply that m 1 = m 2 , and so
Proof of Theorem 3. It can be seen that Theorem 3 immediately follows from Theorem 8, Lemma 11, Lemma 12 and Lemma 13.
Discussions on the conditions of Theorem 3
Experiments show that the condition (2) of Theorem 3 is very weak. For example, the proportion of (n; p; q) satisfying it reaches 99:843% for 3 n 20 and 3 p < q 104729,
where 104729 is the 10000-th prime number. Therefore, in this subsection we focus on the condition (1) of Theorem 3.
Let p and q be two odd prime numbers and let p and q be the set of primitive elements in Z= (p) and the set of primitive elements in Z= (q), respectively. If f (x) is a primitive polynomial over Z= (pq) of degree n 2, then f (x) is a primitive polynomial both over Z= (p) and Z= (q). It follows that there exist a primitive element p 2 p and a primitive element q 2 q such that
Let us denote
and q;n = lcm(
Then for any positive integer k we have
where Lift( This shows that if there exists some positive integer k such that Lift(
) is an even number, then f (x) satis…es the condition (1) ) is an even number, then every primitive polynomial over Z=(pq) of degree n satis…es the condition (1) of Theorem 3. Based on this observation, We tested the proportion of (n; p; q)
satisfying the conditions of Theorem 3 for degree n up to 31 and odd prime numbers p; q up to the 168-th prime, and to make a comparison with the result of [18] , we also tested the proportion of (n; p; q) satisfying the conditions of Theorem 1 in [18] for the same range of n and odd prime numbers p; q. Results are listed in Table 2 . It can be seen from Table   2 that the su¢ cient conditions of our Theorem 3 are much weaker than those of Theorem 1 in [18] . Table 2 Comparison between the proportion of (n; p; q) satisfying the conditions of Theorem 3 and those of Theorem 1 in [18] Theorem 3 Theorem 1 in [18] 
Therefore, there is no positive integer S and even number C in Z=(pq) such that x S C 0 (mod f (x); pq).
It can be seen that for relatively larger prime numbers p; q, it is di¢ cult for us to run through p q . Thus, in the following, we give another su¢ cient condition for (n; p; q) satisfying the condition (1) of Theorem 3, which is much easier to verify but stronger than the previous one discussed above. First, we introduce a classic result given by H. L. Garner ; m k be pairwise coprime positive integers. Then
is a number satisfying Based on Lemma 15, we are easy to get the following results.
Lemma 16 Let p and q be two odd prime numbers and let f (x) be a primitive polynomial of degree n 2 over Z=(pq). Then there exist a positive integer S and an even number C in Z=(pq) such that (3) The proof is similar to (2).
The following corollary immediately follows from Theorem 3 and Lemma 16.
Corollary 17 Let p and q be two odd prime numbers with p < q and f (x) be a primitive polynomial of degree n 2 over Z=(pq). Set T = lcm (p ; and E 2 = q p lcm p n 1; q n 1 q 1 .
If one of the following three conditions is satis…ed: We compared the proportion of (n; p; q) satisfying the conditions of Corollary 17 and the proportion of (n; p; q) satisfying the conditions of Theorem 1 in [18] , and results are listed in Table 3 . Though the conditions of Corollary 17 is stronger than the conditions of Theorem 3, it can be seen that the proportion of (n; p; q) satisfying the conditions of Corollary 17 is still higher than that of Theorem 1 in [18] . This again con…rms that the main result of this paper, i.e., Theorem 3, is really an improvement of Theorem 1 in [18] . Table 3 Comparison between the proportion of (n; p; q) satisfying the conditions of Corollary 17 and those of Theorem 1 in [18] Corollary 17 Theorem 1 in [18] n 3 p < q prime(k) 3 p < q prime(k) k = 1000 k = 3000 k = 5000 k = 1000 k = 3000 k = 5000 
